In this note we explore the validity of the first law of entanglement entropy in the context of the topologically massive gravity (TMG). We found that the variation of the holographic entanglement entropy under perturbation from the pure AdS background satisfies the first law upon imposing the bulk equations of motion in a given time slice, despite the appearance of instabilities in the bulk for generic gravitationl Chern-Simons coupling µ. The black hole entropy is different from the holographic entanglement entropy in a general boosted frame. This discrepancy however do not affect the entanglement first law.
Introduction
There is now overwhelming evidence that the properties of quantum entanglement of a quantum field theory is profoundly ingrained in the structure of gravity, which should be expected if the gauge gravity correspondence should be true. One very beautiful example illustrating such a connection is the study of relative entropy in a field theory, whose gravity dual is found to be directly related to the Einstein equation [1, 2, 3] . In fact, imposing that the relative entropy is positive definite, which follows from unitarity in the dual field theory, one can derive the linearized version of Einstein equation, and which is subsequently generalized to generic higher derivative theories [2, 3] . It is also argued that this should imply also the non-linear version of Einstein equation [4] .
These insights are positive affirmation that when unitarity is assured in the theory, the gravity theory correctly recovers a positive relative entropy. An interesting test therefore is the opposite:
if unitarity is lost, in which the gravity and also its gauge theory dual reports instablilites, is the relative entropy sensitive to these pathologies? Moreover, there is recently a fresh surge of activity towards understanding systems with anomaly, partly stimulated by their relevance to the understanding of symmetry protected topological phases of matter [5, 6, 7] . The manifestation of gravitational anomaly in entanglement entropy [8] , and their holographic duals which involve Chern-Simons terms, are recently discussed for example in [9, 10, 11] .
We would therefore like to explore these issues in a well-known example in 2+1 d gravity, known to be dual to a CFT suffering from gravitational anomaly, and at the same time exhibits instabilities even in the pure AdS background -namely the topological massive gravity (TMG). The action of the theory is given by
In the following we are loosely using the word TMG to refer to gravitational Chern-Simons term.
The entanglement entropy of the theory has been worked out [9] . It is given by
where a dot inẊ denotes derivative along the (unit) tangent vector t µ of C, andñ and n are the two normals of the trajectory C. The constraints are implemented by introducing S constraint which is given by
3)
The analysis of [12] demonstrates that there are negative energy modes away from the chiral point, while precisely at the chiral point, there are still pathological modes [13, 14] excluded only because they are not falling off quickly enough in the AdS boundary. Including them however correspond to a non-unitary Log-CFT -the extra modes correspond to including an operator with negative two point correlation function. With these multiple knobs that lead to instability, we can test how turning on each of these pathologies could change the holographic relative entropy, and thus testing the sensitivity of the entanglement entropy towards them.
As we will see, the entanglement first law holds despite the loss of unitarity, and the discrepancy between the black hole entropy and the holographic entanglement entropy.
The paper is organized as follows: we begin in section 2 with the derivation of the black hole entropy as a Noether charge in TMG theory following [15] and [16] . In section 3 we compute explicitly the perturbation of the black hole entropy away from the pure AdS background, which can be related to an asymptotic energy via the use of the equations of motion. This is the usual first law of black hole physics. We then demonstrate that connection between the first law of black hole physics and the positivity of relative entropy demonstrated in [1, 2, 3] is preserved even in the presence of unstable modes in the bulk. We conclude in section 4. Some details of the calculation is relegated to the appendix.
Black hole entropy functional as a Noether charge in TMG
A proposal for computing the entanglement entropy of the TMG theory was proposed in [9] . It is known that the Wald like entropy derived as a conserved Noether charge exactly coincides with the entanglement entropy when we consider the entanglement entropy of a single interval of the CFT ground state corresponding to the pure AdS background [9, 17] . The world-line that gives the holographic entanglement entropy can be mapped to a horizon via a coordinate transformation [17] .
Here, we would like to derive the explicit form of the Noether current. The Noether current J is obtained by
The term dΘ is the total derivative term following from varying the action wrt to the metric and integrating by parts to isolate the equations of motion. In the following, we will focus on the contribution of the TMG term. We have
which is the total derivative term obtained by varying the metric and subtracting by the equations of motion. For completeness, the TMG contribution to the equations of motion mentioned above is given by
The second term is the variation of the action under diffeomorphism
Under such a transformation, the variation of the Christoffel symbol can be written as
where
and we are treating the Christoffel symbol as a matrix 1-form taking values in the adjoint representation of the general linear group GL(3). This makes the discussion of the gravitational Chern -Simons term closely parallel that of the usual non-Abelian Chern-Simons term under a gauge transformation.
where we have made use of the following identity that is valid only in 3-dimensions:
Since the current is conserved up to equations of motion, J is closed up to equations of motion, and one should be able to express
where the form of the conserved current depends on the choice of diffeomorphism. After some tedious manipulations, we find that the current J can be messaged into the following form 10) and thus,
We note the factor of 2 appearing in front of the EOM term, which ensures that combining with the Einstein contribution we still recover a current J that is exact up to the overall equations of motion.
As discussed in [16] , it is necessary to modify the definition of the conserved charge so that the result is independent of shifts of J by exact terms J → J + dO. Such a definition of the charge is given by
The explicit expressions are presented in the appendix.
We are interested in the variation of the entropy by some generic metric perturbations, corresponding to the change in the entanglement entropy of a single interval when the state is slightly perturbed from the ground state . The variation of Q is given by
For completeness, the corresponding result for the Einstein-Hilbert term S EH is given by
Now we take ξ = ξ B , which is a killing vector of pure AdS space [3] 
which vanishes along the entangling surface, since the entangling surface of a single interval in pure
AdS space coincides with the AdS Rindler horizon [17] . To set notations we note that in Poincare coordinates the pure AdS metric is given by
The first law in black hole entropy is obtained by making use of the fact that δS = Σ δQ , where Σ denotes the entangling surface, or the AdS Rindler horizon, and an asymptotic energy δE can be defined by evaluating δQ at asymptotic infinity , which in our case, correspond to the AdS boundary z → 0 and along the boundary interval −R < x < R. Since the Rindler horizon and the boundary surface on which the asymptotic energy is defined forms a closed surface. We immediately have
where M is the region surrounded by the boundary surface and the AdS Rindler horizon, or the entangling surface. The rhs vanishes on-shell, leading to the first law of black hole entropy. A first law of black hole thermodynamics only turns into a first law of entanglement entropy if the asymptotic energy δE coincides with the entanglement Hamiltonian. For a single interval on the slice t = t 0 , the entanglement Hamiltonian of a CFT in flat space is given by
We will check in the next section if a first law of black hole entropy should imply a first law of entanglement entropy which is supposedly guaranteed by the positivity of the relative entropy. This is by no means obvious in the presence of unstable modes.
Entanglement entropy first law
We will check the first law of entanglement entropy of a single interval in two steps: first in a single time slice, and then on a boosted slice. As we shall see, the first law is satisfied, even if the modes demonstrated to be unstable in [12] are turned on.
On a given time slice
We will check in this section the implication of a black hole first law in a TMG theory. We will consider the time slice t = t 0 . The variation of the conserved energy is defined as
The above can be evaluated by expanding the perturbed metric near the z = 0 boundary in the Fefferman-Graham gauge.
For µ = 1
For the specific case µ = 1, we have
and where
We note that h and b are the expectation values of the stress tensor T µν and the negative norm tensor t µν of a log-CFT. They are related by [13] 
Substituting these relations into (3.6) we have
This should be combined with the contribution from the Einstein term,
which together with the coupling constants, gives an overall energy
where we have made use of (3.5). The result is precisely the entanglement Hamiltonian (2.19).
General µ
It is natural to check also the generic case for µ = 1. The main difference from the previous case is that the Fefferman-Graham expansion adjusts accordingly:
We have included here the sources h (−2λ) , h 0 which we will subsequently turn off. We note that the modes sourced by h (−2λ) correspond to another operator X ij with conformal dimension (∆ L , ∆ R ) = (2 + λ, λ), and they are known to be unstable. The expectation of the stress tensor T ij and X ij are related to the FG coefficients by
Substituting into (3.8), we have
where the last equality is obtained only assuming that λ > −1, corresponding to µ > −1, since terms proportional to ρ 1+λ vanish in the boundary ρ → 0 limit. Reversing the sign of µ corresponds to exchanging the roles of left and right moving sectors, and we are working here with the assumption that µ > 0. The first law of entanglement entropy is thus satisfied.
Entanglement Hamiltonian vs Asymptotic black hole energy slice
It is already observed in [3] that the entanglement Hamiltonian at least to linear order in a small perturbation of its expectation value coincides with the asymptotic black hole energy time slice.
It is argued that such a first law should follow even for higher derivative gravity so long as the behaviour of the FG expansion near the boundary
for any ∆ > 2 (d=2). In the cases we have discussed, we essentially have ∆ = 2 + 2λ > 2 for any λ > 0. We have checked the extra scenario where h µν ∼ z 2 log z 2 and find that this was also sufficient to recover the first law.
Here we would like to supply one other viewpoint that makes the first law very natural. We recall that the holographic expectation value of the stress tensor of the CFT is obtained by varying the action wrt the boundary metric h
µν , the leading zeroth-order term in the FG expansion of h µν :
where J i denotes a generic source for any other operators. We note that the action S above is given 15) where I ct denotes local counter terms defined at the boundary that removes singularities. The above variation is obtained by varying the metric and then integrating by parts to obtain a total derivative term while discarding the equations of motion. Therefore we have
Now Θ takes the form Θ ∼ δg χ, so that χ contributes to T . Now on the other hand, in the computation of the asymptotic energy, the Θ contribution to Q came from integrating by part δ ξ g χ, where δ ξ g is given by (2.4). Therefore it gives δE ∼ ξ.χ + · · · , where ξ = ξ B and at the boundary reduces precisely to the killing vector of the Rindler horizon preserving the boundary entangling "surface". But both the asymptotic energy and the holographic stress tensor receive extra contributions. For the asymptotic energy there is contribution from δ ξ L, which can be checked to be proportional to z −1 to leading order in the FG expansion, while the expansion of subsequent terms are in powers of z 2 and thus do not contribute to further regular terms in the stress tensor.
The same can be said of the counter terms in the action. Therefore the variation of the asymptotic energy and the expectation value of the holographic entanglement Hamiltonian should be equal.
First law of a boosted slice
In the above discussion, we focus on the entanglement entropy of a single interval at a given time slice. There, since it is always possible to identify the bulk entangling surface in pure AdS space with a killing horizon associated to the killing vector ξ B , the holographic entanglement entropy coincides with the black hole entropy, which subsequently guarantees that small perturbations away from the AdS space satisfies a first law relation. The question is, however that if this identification between black hole entropy and holographic entropy is true in one given frame, do we expect this to hold in other inertial frames?
The crucial point is that the holographic entanglement entropy, as noted already in [9] , coincides with the expression of the black hole entropy when
where n andñ are the normals to the bulk entangling surface/horizon and t the tangent. Given such a choice of n andñ, the contribution of the TMG term to the (black hole) entropy is given by
At a killing horizon, the variation gives
Generically even if we have fixed a frame such that t µ ∂ µ n = 0, this cannot be preserved in a different frame. As a result, the entanglement entropy do not necessarily coincide with the expression (3.18). The latter however is the quantity that satisfies the first law. Therefore one might worry that when (3.17) is violated the first law is also violated. The extra terms in the variation of the entanglement entropy is given by
where we have made use of the fact that the variation of the entangling surface/bifurcation surface C does not give any contribution, since the curve C is a solution to the equations of motion and the variation leads only to boundary terms which vanishes for fixed boundary condition. Moreover, λ i and n andñ are not varied either since the variation of which also leads to equations of motion.
The above terms are the only terms not immediately vanishing up to equations of motion. The saddle point values of λ 4 and λ 5 are given by 2λ 4 = −n.∇ñ,
Now substituting into the above expressions:
where q,q are chosen such that
and that η is generically some function of the geodesic coordinate if we were considering some general boosted frame, the three terms in (3.20) beautifully cancel out. The holographic entanglement entropy first law is preserved in spite of the difference between the entanglement entropy and the black hole entropy.
Conclusions
In this note, we have computed the variation of the holographic entanglement entropy slightly away from the pure AdS background of a single interval in the presence of the gravitational Chern-Simons term. We found that in a given Lorentz frame the holographic entanglement entropy can still be identified with the entropy associated to a killing horizon, and as such the black hole entropy first law applicable implies a first law of entanglement entropy, subjected to that the perturbation satisfies the linearized equations of motion, regardless of the appearance of unstable modes for generic values of the Chern-Simons coupling µ. However, in a generic Lorentz frame, the gravitational anomaly leads to a discrepancy between the entropy associated to the killing horizon and the holographic entanglement entropy. The variation of these entropies however continues to agree. As a result, the entanglement entropy first law remains satisfied. This is perhaps expected given that the anomaly is a UV property that takes the same value between the excited state and the ground state, which thus cancels out in the difference of the entanglement entropy. One logical possibility is that effects of non-unitarity can only show up at second order perturbation. We leave these questions for future investigation.
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A Some useful expressions in deriving TMG Noether charges
We collect here a set of useful expressions in deriving the TMG Noether charges:
Throughout this paper, our choice of boundary terms correspond to [16] :
where we recall that
B Some useful expressions in TMG holographic dictionary
This is a collection of useful expressions reading off expectation values of various operators of the dual CFT from the bulk metric. These expressions are collected from [13] .
B.1 At µ = 1
{b (2)ij + h (2)ij − 1 2 η kj tr(b (2) + h (2) )}.
(B.2)
h ij = b (2)ij ρ log ρ + h (2)ij ρ + ... T ij = 1 4G N {b (2)ij − 3ε i k b (2)kj + h (2)ij − ε i k h (2)kj }, h ij = h (−2λ)ij ρ −λ + h (0)ij + h (2)ij ρ + h (2−2λ)ij ρ 1−λ + h (2+2λ)ij ρ 1+λ + · · · , λ = 1 2 (µ − 1) (B.11) h (0)ij = 0, h (−2λ)ij = 0 tr(h (−2λ) ) = tr(h (2) ) = tr(h (2−2λ) ) = tr(h (2+2λ) ) = 0 h (2+2λ)ij = ε i k h (2+2λ)kj , h (2−2λ)ij = 0 (B.12)
(h (2+2λ) ij ) L (B.13)
{h (2+2λ) ij + ε i k h (2+2λ) kj } (B.14) 
